We address the question of whether individual nonmagnetic impurities can induce zero-energy states in time reversal invariant topological superconductors, and define a class of symmetries which indeed guarantee the existence of such states for a specific value of the impurity strength. These symmetries also allow the definition of a position space topological Z2 invariant, which is related to the standard bulk topological Z2 invariant. Our general results are then applied to the time reversal invariant p-wave phase of the doped Kitaev-Heisenberg model, where we also demonstrate how a lattice of impurities can drive a topologically trivial system into the non-trivial phase. Finally, signatures of impurity states in the spin-susceptibility are described.
We address the question of whether individual nonmagnetic impurities can induce zero-energy states in time reversal invariant topological superconductors, and define a class of symmetries which indeed guarantee the existence of such states for a specific value of the impurity strength. These symmetries also allow the definition of a position space topological Z2 invariant, which is related to the standard bulk topological Z2 invariant. Our general results are then applied to the time reversal invariant p-wave phase of the doped Kitaev-Heisenberg model, where we also demonstrate how a lattice of impurities can drive a topologically trivial system into the non-trivial phase. Finally, signatures of impurity states in the spin-susceptibility are described.
Local impurities in superconductors (SCs) give rise to astonishing physics [1] [2] [3] [4] [5] [6] [7] [8] . Magnetic impurities in s-wave SCs, for instance, lead to pair-breaking, and can induce a quantum phase transition to a metallic state with gapless superconductivity near the transition point [8] . Due to Anderson's theorem, nonmagnetic impurities have little influence on s-wave SCs [9] . However, in unconventional SCs in which the order parameter changes sign as a function of the direction of momentum, scattering by nonmagnetic impurities does lead to pair-breaking since the momentum direction of the paired electrons is changed without changing the phase accordingly [1, 2] . Thus, impurities give rise to subgap states and can be used to probe high-T c superconductivity [1] [2] [3] .
Here, we focus on impurity bound states in time reversal (TR) invariant odd-parity SCs. These SCs come in two varieties, characterized by a Z 2 topological invariant Q [10] [11] [12] [13] [14] [15] [16] [17] . The topologically non-trivial SC has protected Majorana boundary modes. It turns out that Q not only predicts the existence of protected states in systems with a boundary, but also predicts the pattern of ground state degeneracies on a torus, when switching between periodic and anti-periodic boundary conditions [18] . Here, ground states are considered to be different from each other when the parity of Kramers pairs below the Fermi level differs. In odd-parity SCs the order parameter vanishes at the TR invariant momenta (TRIM), such that for each such momentum below the Fermi level there is one unpaired Kramers pair. For a d-dimensional torus where all 2 d TRIM are actually part of the discrete Brillouin zone [19] the parity of the number of Kramers pairs ("Kramers parity" in the following) is thus determined by the number of TRIM enclosed by the Fermi surface. Those odd-parity SCs where this number is odd are topologically non-trivial [15, 16] , since their Kramers parity can be changed from odd to even by removing all TRIM from the Brillouin zone with an appropriate choice of boundary conditions. Zero-energy bound states in SCs are intriguing because they are Majorana states [18, [20] [21] [22] . For this reason, it may be both interesting to artificially create them by tuning the impurity potential accordingly, but also be important to protect a topological state against the existence of disorder induced zero-energy states, which may interfere with protocols using topologically protected Majorana zero-energy states [23] , occurring for instance in the center of a vortex [24, 25] . In this paper, we use the concept of Kramers parity to derive conditions for the existence of zero-energy impurity bound states. To this end, we deduce conditions for the existence of a position-space topological invariant Q DIII , which for gapped translationally invariant systems is equivalent to Q and the Kramers parity. We show that upon introduction of a local impurity potential into the system, the existence of Q DIII immediately guarantees the emergence of zero energy impurity bound states for a suitably chosen impurity strength, such that conditions for the existence of Q DIII and for zero-energy states are the same. In particular, we find that the existence of symmetries protects zero-energy impurity bound states. When an impurity bound state moves through the Fermi level, it changes the Kramers parity and Q DIII but not the bulk invariant Q, since it is spatially localized and hence insensitive to boundary conditions. However, a lattice of impurities hosts extended states, and we show that partially moving such an impurity band through zero energy can turn a topologically trivial SC into a non-trivial one. An enhancement of the magnetic susceptibility by impurity states is a signature for detecting them.
Results.-We consider a general TR invariant BdG Hamiltonian in symmetry class DIII [26] for an N -site lattice in the position space basis ∆ = −∆ T . Hamiltonians in DIII obey both the particlehole (PH) symmetry {P, H} = 0 4N , P = τ 1 K and TR symmetry [T, H] = 0 4N , T = iσ 2 K. Here τ and σ denote the Pauli matrices in PH and spin space respectively and K is the operator of complex conjugation. Together these symmetries give rise to the existence of a chiral symmetry {C, H} = 0 4N , C = τ 1 ⊗ σ 2 [10] . Hence, every eigenvector ψ with energy E has a Kramers partner T ψ with energy E and both a PH partner P ψ and a 'chiral' partner Cψ with energy −E.
When one adds to the Hamiltonian an on-site potential for a single nonmagnetic impurity at site i 0 The problem of analyzing det[H(u c )] = 0 can be reduced to the analysis of roots of a first order polynomial by considering the Pfaffian of redundant subblocks of H. We use this method to derive symmetries which ensure the existence of u c and the topological Z 2 invariant Q DIII . To this end, we diagonalize C via
with D = hσ 2 + ∆ = −D T . Thus Pf(D) exists and we have det H = | Pf(D)| 4 so that a zero eigenvalue of H is equivalent to Pf(D) = 0. Whenever Pf(D) as a function of some real control parameter x is of the form Pf[D(x)] = z(x − x c ) with z ∈ C, x c ∈ R, the system is bound to have a single zero energy crossing of Kramers pairs at x c . In particular, any condition that renders Pf(D) real or purely imaginary guarantees the existence of this crossing for every parameter that Pf(D) depends on linearly. We stress that in general an affine relation Pf[D(x)] = z(x − z c ), z, z c ∈ C does not have a real root implying that no value of x yields zero-energy states.
Every possible unitary transformation U satisfying {U, C} = 0 4N is of the form [27] Provided that such an operator is a symmetry of the
where we used the identity det A Pf B = Pf(ABA T ) and
In this case Pf(D) = e iα r where α only depends on U while the real value r depends on the parameters of H.
By specializing to the case where U = τ ⊗ σ ⊗ R and demanding R T = R −1 -which is satisfied if R describes a mapping of the lattice onto itself-these symmetries become more explicit. To this end we decompose h = 
commute with R. Hence, a symmetry operator that acts trivially in position space via R = 1 N , implies simple conditions for h ν , d ν since every matrix commutes with 1 N whereas only 0 N anticommutes with 1 N .
These general considerations are concretized by applying them to a system with the on-site potential of Eq. (2) which modifies the matrix (h 0 ) ij → (h 0 ) ij + uδ ij δ ii0 . Since Pf(D) becomes an affine function in u, any symmetry U of the type Eq. (4) guarantees the existence of a critical impurity strength u c , at which a zero-energy state exists.
For class DIII Hamiltonians obeying a symmetry U as in Eq. (4), we define the topological invariant Q DIII = sgn[e −iα Pf(D)]. This invariant reflects the Kramers parity of the superconducting ground state, because it changes whenever a single Kramers pair crosses the Fermi energy. When the system consists of two decoupled spin polarized SCs, Q DIII also describes the fermion parity per spin direction. We now establish a connection between Q DIII and Q. For translationally invariant odd-parity single band SCs we define for every momentum k the 2 × 2 matrix D(k) = h(k)σ 2 + ∆(k) in analogy to the position space definition of D in Eq. (3). For TRIM K, ∆(K) = 0 2 and h(K) = ξ(K)σ 0 where ξ(K) is the single particle energy with respect to the Fermi energy. Hence, D(K) is antisymmetric and in agreement with Sato [15] we define
so that Q counts the number parity of TRIM below the Fermi level and thus the Kramers parity. Consequently Q DIII = Q for these systems [28] . It is straightforward to generalize our definitions to multi band SCs as well. Impurities in the doped Kitaev-Heisenberg (KH) model.-We illustrate our model independent results by applying them to the TR invariant p-wave phase of the doped KH model on the honeycomb lattice [30, 31] . Consider, therefore, the mean field Hamiltonian [32, 33] 
where f k,s,σ annihilates a fermion with spin σ on sublattice s, µ is the chemical potential, t(k) = t(e iδx·k + e iδy·k + e iδz ·k ) is the hopping between nearest neighbors and d
Here η characterizes the magnitude of the superconducting gap and δ x,y,z are the nearest neighbor vectors. We chose the spin quantization axis such that only equalspin particles are paired, hence [H KH , σ 3 ] = 0 4N which is a non-spatial symmetry protecting zero-energy states, cf. TAB. I. From the interacting Hamiltonian the p-wave phase inherits symmetries which act on spin and spatial degrees of freedom [34] . Of these symmetries only the three mirror symmetries M γ with respect to the x, y or z-links satisfy Eq. (4), for example M z = τ 0 ⊗ σ 1 ⊗ R z where R z is the matrix for the mirror permutation of the lattice sites with respect to a z-link. Hence the mirror symmetries M γ protect the zero-energy crossings shown 
upon commutation with the Hamiltonian [H, U ] = 04N . The first two columns contain choices of matrices τ in PH space and σ in spin space, while the last two columns show the respective matrices a = hν, dν defined by h = 4 ν=1 σν ⊗ hν , ∆ = i 4 ν=1 σν σ2 ⊗ dν, whose anticommutation or commutation with R is equivalent to [H, U ] = 04N for each choice of τ and σ. For R = 1N one sees that matrices in the third column must vanish while those in the last column can be arbitrary and still [Pf( In order to demonstrate that extended impurity states not only change Q DIII but also Q, we consider now a triangular lattice of impurities with lattice constant a imp superimposed on the honeycomb lattice with lattice constant a = 1. For a imp = 5, amounting to an impurity density of 2%, this lattice is depicted in FIG. 2 b) . One can calculate both, Q as a product of the W(K) evaluated at the four TRIM (Γ, M 1 , M 2 , M 3 ) as well as the Chern number C imp of each spin-resolved impurity band formed by overlapping impurity subgap states. It turns out that due to rotational symmetry
as functions of u change sign independently it is possible to change Q by tuning u. Moreover, numerics show that Q(u) = (−1) ν Q(0), where ν = C imp mod 2. In  FIG. 2 a) we show the phase diagram of Q versus impurity strength u and chemical potential µ for impurity Our method for predicting zero-energy crossings by analyzing Pf(D) builds on the description of the system on a finite but arbitrarily large lattice. We employed the non self-consistent T -matrix method [1] to calculate the correction to the retarded Green function matrix δG R (ǫ; k, k ′ ) and therefrom the correction to the density of states due to a single impurity in the thermodynamic limit of a system described by (8) . One indeed finds the zero energy crossing of Kramers pairs at u c as shown in  FIG. 1 . In the case of the KH model the sign of the critical impurity strength depends on the topological order of the system since sgn u c = sgn(µ − µ c ). This property could be exploited to discriminate between the topologically trivial and the non-trivial phase by studying the effects of impurities with reasonably well known u.
At present the experimentally most accessible method for detecting zero-energy bound states probably are tunneling experiments [36] [37] [38] . We want to promote local spin susceptibility measurements as a means for detecting subgap states, in particular zero-energy states. For sufficiently small Zeeman energies represented by the matrix H j Z due to an applied magnetic field B in j-direction, one can calculate the spin susceptibility χ ij = (1/µ 0 ) ∂ Bj M i B=0 from linear response via [39] . Suppression of the in-plane bulk susceptibility at low temperatures arises because of Cooper pairs with spin perpendicular to the B-field, while for B · d = 0 no pair breaking is necessary to polarize Cooper pairs, hence χ ⊥ equals the bulk Pauli susceptibility χ P of the normal state to lowest temperatures [39] . The out of plane correction δχ ⊥ ≈ 0 is vanishingly small, while the in-plane corrections δχ may be used to detect subgap states, since δχ has a maximum related to E imp and becomes a monotonically decreasing function for E imp = 0, whereas the bulk in-plane susceptibility monotonically increases with temperature.
Conclusion.-We described symmetries which guarantee the existence of zero-energy impurity bound states in TR invariant SCs for a critical value of the impurity strength. The same symmetries allow the definition of the position space topological Z 2 invariant Q DIII which we related to the bulk Z 2 invariant Q. The relevance of our findings was demonstrated for the TR invariant p-wave phase of the doped KH model, where symmetries protect the zero-energy crossings and a lattice of impurities can change the bulk topological order of the system. In addition, the impact of subgap states on the spin-susceptibility was derived, showcasing the interesting physics of impurities in spin-triplet SCs. Finally, we have shown that TR invariant topologically nontrivial superconductors can be made robust against low-energy impurity states by strongly breaking all additional symmetries. This improves prospects for protocols utilizing topologically protected Majorana zero-energy states.
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SUPPLEMENTAL MATERIAL Accidental zero-energy crossings in class DIII
In this section we show that besides the symmetries which make the phase of Pf(D) parameter independent there are sufficient conditions for [Pf(D)] ⋆ = ± Pf(D) which are not related to symmetries. We believe that these conditions are less relevant, because they will probably not continue to hold when the order parameter is calculated self-consistently. Moreover, we utilize again the TR invariant p-wave phase of the doped KH model to demonstrate that the symmetry unrelated conditions do matter when one investigates theoretically whether certain mean field Hamiltonians can have impurity induced zero-energy states.
Observe first that
for arbitrary α, β ∈ C and A, B, C complex N × N matrices with A = −A T , B = −B T , which follows directly from the definition of the Pfaffian
where the denoted product ̟ D,σ is only a function of the product αβ but not of α or β alone. Moreover, in the presence of TR symmetry one has h = σ 2 h T σ 2 and ∆ = σ 2 ∆ ⋆ σ 2 so that one can write
where we used det(iσ 2 ) = 1 and the identity det(B) Pf(A) = Pf(BAB T ). Starting from this equation, we exploit Eq. (10) to show that every of the four conditions
where c ∈ R in all four cases. If, for example, the first condition is satisfied one may write
We revisit the example from the main text where to the mean field Hamiltonian a Rashba spin-orbit coupling term was added. Since for finite λ R the zero-energy states are protected only by spatial symmetries one expects any spatially random perturbation to cause avoidance. Hence, it is surprising to find that for λ R > 0, κ γ = 1 any disorder in the matrices h 0 and h 3 does not avoid the zero-energy crossing. This finding can only be understood by observing that the d vector and the isotropic Rashba coupling in position space obey the relation
which is the first of the four conditions stated above. Because this condition is violated by κ x = κ y = κ z it follows that in this case only such nonmagnetic disorder which is compatible with the remaining M z mirror symmetry preserves the zero-energy crossing.
Zero-energy crossings in class D
In this section we consider the effect of nonmagnetic impurities in systems without TR symmetry, i.e. systems in class D. For such systems Pf(D) cannot be defined. Instead one may analyze i N Pf(Hτ 1 ) ∈ R which gives rise to a topological invariant Q D = sgn[i N Pf(Hτ 1 )] [1] , that agrees with the fermion parity [2] and also allows predictions about impurity induced zero-energy states [3] since [Pf(Hτ 1 )] 2 = det H. For spin-s systems this quantity is a real polynomial function in the strength of a nonmagnetic impurity
with a i ∈ R depending on the details of the system under consideration, e.g. a 0 = ±i N det H(u = 0). Consequently there can be up to 2s + 1 critical impurity strengths u (i) c at which a single Majorana fermion exists at the impurity site. For integer values of s there exists at least one protected zero energy crossing, since Q D changes at least once while u is tuned from −∞ to +∞. For spinless systems (s = 0) there will always be exactly one critical impurity strength u c = − a0 a1 unless the system is fine tuned such that a 1 = 0, which is equivalent to the case where the system without the lattice site at which the impurity is located has a zero-energy state. An analogous situation occurs in TR invariant systems which consist of two spinless systems related by TR, i.e.
where there is one value u c at which a Kramers pair of zero-energy states exists. Depicted is a system with five sites and a permutation of these sites which amounts to a π/2 rotation around site 1.
In the light of first order perturbation theory in the superconducting order parameter we thus encounter the following situation: The normal state Hamiltonian H ∆=0 will have a single critical impurity strength u c where a single state φ(u) (and its Kramers partner) crosses the Fermi level (this is guaranteed by line three of TAB. I). If the state φ is not coupled to its chiral partner Cφ due to the perturbation by the superconducting order parameter-which is guaranteed as long as H commutes with a symmetry operator from TAB. I, or more generally with an operator of the type of Eq. (4)-the energy of φ will not change to first order and the zero-energy crossing remains also at the onset of the superconducting phase. On the other hand if H coupled φ to its chiral partner then only due to cancelations from higher orders of perturbation theory could the zero-energy crossing remain intact. 
Since the matrices h ν , d ν for a DIII system are either symmetric (h 0 , d 0 ) or antisymmetric (h i , d i ) we want to find all symmetric or antisymmetric matrices which either commute or anticommute with R. It is straightforward to find that these matrices read 
where
ǫ and all parameters can be chosen arbitrarily. Thus it is clear that for all the types of symmetries in TAB. I we find Hamiltonians which obey such a type of symmetry and therefore have [Pf(D)] ⋆ = ± Pf(D) while none of the matrices vanishes identically. For example we can obtain a Hamiltonian matrix H which commutes with
where B ∼ C means "B equals a realization of C" (note that h 0 , d 0 must be real and h i , d i must be imaginary in order for TRS to be obeyed).
It should be clear that in complete analogy to the example we considered here, one can choose systems with other numbers of sites and arbitrary permutations of the sites and merely has to determine S ǫ and A ǫ in order to be able to write down Hamiltonian matrices that obey the symmetries listed in TAB. I. Notice also that R can describe very different physical operations like rotations, mirror reflections, inversions or exchanges of sublattices.
Of course single impurities, in order to be capable of introducing zero-energy states, have to be compatible with the symmetry one considers and thus have to be located at sites which are fixed points of R. For R defined in (20) this is only site 1, i.e. the center of the rotation.
Explanation of Eq. (4) and further information about symmetry operators
In this section we explain why every unitary operator U which anticommutes with the chiral symmetry operator and is compatible with the PH redundancy in Eq. (1) automatically obeys Eq. (4). Moreover, we give establish a direct connection between Eq. (4) and TAB. I and state explicit expressions for the four relevant symmetry operators of the KH model. Finally we show that the specific choice of the matrix V which diagonalizes C does not matter for the analysis of Pf(D).
Because of the PH redundancy in Eq. (1) the general unitary transformation
i.e. every physically meaningful 4N × 4N transformation matrix U has to commute with the PH operator P = τ 1 K.
On the other hand the most general unitary operator anticommuting with the chiral symmetry operator C reads
Hence one infers that every unitary operator U which anticommutes with C and is compatible with the PH redundancy in Eq. (1) is of the form
In TAB. II we establish a direct connection between the general form (4) of the symmetry operator and the more specific ones listed in TAB. I. In TAB. III we state the explicit expressions for the four symmetry operators which keep the phase of Pf(D) parameter independent in the case of the TR invariant p-wave phase of the doped KH model.
The matrix V which transforms the Hamiltonian to be block off-diagonal with antisymmetric blocks is not unique. Any matrix V ′ which is related to our specific choice V = (1 4N + (iτ 2 ) ⊗ σ 2 ⊗ 1 N )/ √ 2 from the main text via
can be used as well. Indeed, in the new basis the Hamiltonian matrix reads
where D ′ is an anitsymmetric matrix. Similarly one finds for the symmetry operator 
This proves that Q DIII is independent of the choice for the unitary transformation V .
